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International Mathematics and Science Olympiad 2016 

ESSAY PROBLEMS 
1. Write the numbers 1, 2, 3, ..., 9 on the circumference of 

a circle in such a way that no two neighboring numbers 
would give a sum that is divisible by either 3 or 5 or 7.
【Submitted by Vietnam】 

【Solution】 
The possible neighboring pairs are (1,3), (1,7), (2,6), (2,9),  
(3,5), (3,8), (4,7), (4,9), (5,6), (5,8), (6,7) and (7,9). Each 
of 1, 2, 4 and 8 appear only in two pairs, and these eight 
pairs must be used. Among them, 5 and 6 appear only 
once. So we must add (5,6), arriving at the arrangement shown in the diagram below. 
 
 
 
 
 
 
 

 

 
【Marking Scheme】 

 Find all of the possible neighboring pairs, 1 mark. 
 Explain 5 and 6 must be neighboring numbers, 1 mark. 
 Conclude the correct arrangement and get the correct answer, 1 mark. 

2. Suppose that the sum of n consecutive integers(included positive integers, 0 and 
negative integers) is 55, find the largest value of n.【Submitted by Singapore】 

【Solution】 
Let the first term of the consecutive integers be a and the last term be m. Then we 

have ( ) 55
2
n a m+ = . Note that a m+  is a positive integer, this means that 55

2
n
≤  

and hence 110n ≤ . Now 110n =  is possible as by letting 54a = − . So we have 
( 54) ( 53) 0 1 2 53 54 55 55− + − + + + + + + + + = . 

Answer: 110 
【Marking Scheme】 

 Observe ( ) 55
2
n a m+ = , 1 mark. 

 Explain 110n ≤ , 1 mark and give an example when 110n = , 1 mark. 
 Get the correct answer, 1 mark. 
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3. Let a, b and c be digits. The product of the three-digit numbers abc , bca  and 
cab  is a nine-digit number whose first digit is 2 and whose last digit is 9. Find 
this product.【Submitted by Jury】 

【Solution】 
Since the product is odd, all of abc , bca  and cab  are odd, so that each of a, b and 
c is odd. Now 1000 1000 2*******9cab abc bca cab× × > × × = . Hence 3c ≥ . 
Observe that 5c ≠ , otherwise the unit digit of abc bca cab× ×  should be 5. Since 
the unit digit of abc bca cab× × is 9, the possible of (a, b, c) are (9,9,9) or (9,7,3). But 
999 999 999 900 900 900 729000000× × > × × = .  
The only solution comes from (9,7,3). We have 973 739 397 285461659× × =  or 
937 379 793 281612539× × =  

Answer: 285461659 or 281612539 
【Marking Scheme】 

 Observe each of a, b and c is odd and 3c ≥ , 1 mark. 
 Find the two possible triples of (a, b, c), 1 mark. 
 Get the correct answer, 1 mark. 

4. The shape of a factory is a rectangle PQRS with 44PS = m and 40RS = m. The 
factory is divided in to 5 rooms, I, II, III, IV and V, as shown in the figure below. 
The perimeters of room II, III and IV are equal. If room I with III form a square, 
and room V with room III also form a square, what is the sum of the perimeters of 
room I and V, in m?【Submitted by Jury】 

 
 
 
 
 
 
 
 
【Solution】 
Mark the points as the figure shown.  
 
 
 
 
 
 
 
 
 
 
Observe rectangle PQRS, we know the equations PQ QR QR RS RS SP+ = + = +  
should always hold. Now observe QTVU and SXYZ, we can conclude that the total 
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sum of the perimeters of room II, III and IV is equal to the perimeter of PQRS, which 
is 2 (40 44) 168× + = m. Thus the perimeter of each of room II, III and IV is 
168 3 56÷ = cm. And we can also observe that the perimeters of the polygon 
QUMXSZNT is also equal to the perimeter of PQRS, so the sum of the perimeters of the 
polygon QUMXSZNT and room III is 168 56 224+ = m, which is exactly the sum of 
the perimeters of room I and V. 

Answer: 224 m 
【Marking Scheme】 

 Observe the total sum of the perimeters of room II, III and IV, 1 mark. 
 Observe the perimeters of the polygon QUMXSZNT, 1 mark. 
 Get the correct answer, 1 mark. 

5. The number abcab  is a multiple of 7, abc  a multiple of 9 and cba  a multiple 
of 4. Find the smallest value for a b c× × .【Submitted by Indonesia】 

【Solution】 
Since 0ab ab  is a multiple of 7, c should also be a multiple of 7. Hence 7c =  since 

0c =  is not allowed in cba . Since 7ba  is multiple of 4, a is even. Since 7ab  is 
multiple of 9, 2a b+ = or 11. Hence (a, b) is (2, 0), (2, 9), (4, 7), (6, 5) or (8, 3).  
If 2a = , 0b =  and 7c = , then 702cba = . This is impossible since 702 is not a 
multiple of 4. 
If 2a = , 9b =  and 7c = , then 792cba = . Since 792 is a multiple 4, we get a 
solution and have 2 9 7 126a b c× × = × × = . 
If 4a = , 7b =  and 7c = , then 774cba = . This is impossible because 774 is not a 
multiple 4. 
If 6a = , 5b =  and 7c = , then 756cba = . Since 756 is a multiple 4, we get a 
solution and have 6 5 7 210a b c× × = × × = . 
If 8a = , 3b =  and 7c = , then 738cba = . This is impossible because 738 is not a 
multiple 4. 
Hence the smallest value for a b c× ×  is 126. 

Answer: 126 
【Marking Scheme】 

 Observe 7c = , 1 mark. 
 Observe (a, b) is (2, 0), (2, 9), (4, 7), (6, 5) or (8, 3), 1 mark. 
 Get the correct answer, 1 mark. 

6. In △ABC, point M is the midpoint of BC, AM CM= , 56ATC∠ = ° , and AT 
bisects BAC∠ , as shown in the figure below. What is the size of AMB∠ , in 
degrees? 【Submitted by Jury】 
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【Solution】 
Since AM CM MB= = , M is the centre of the circle through A, B and C. Thus BC is a 
diameter and so 90BAC∠ = °  (angle in a semi-circle). 
 
 
 
 
 
 
 
Next, since AT bisects BAC∠ , we have 45CAT∠ = ° . We also know that 

180 45 56 79ACT∠ = ° − ° − ° = ° . Now since AM CM= , 79CAM ACM∠ =∠ = °  and 
hence 2 2 79 158AMB ACM∠ = ∠ = × ° = ° . 

Answer: 158°  
【Marking Scheme】 

 Observe 90BAC∠ = ° , 1 mark. 
 Observe 79ACT∠ = ° , 1 mark. 
 Get the correct answer, 1 mark. 

7. A group of students went on a field trip by bus. Each bus held the same number of 
students, each seat was filled, and everyone had a seat. But on the way, one bus 
broke down. The students were distributed evenly among the remaining buses, 
and in each bus 4 students had to stand. On the way home, two more buses broke 
down, and so they finished the trip with 18 students standing in each bus. How 
many students were on this trip? 【Submitted by Sri Lanka】 

【Solution】 
If the number of bus is x and the number of students in each bus is y. 
When one bus broke down, the students on this car will distributed to other cars, 
hence we have 4( 1)y x= − . 
When three buses broke down, the students on those three cars will distributed to 
other cars, hence we have 3 18( 3)y x= − , that is 6( 3)y x= − . 
Then we can get 4( 1) 6( 3)x x− = − , so 7x = , 24y = . 
The number of students on this trip 24 7 168× = . 

ANS: 168 
【Marking Scheme】 

 Observe the equation 4( 1)y x= − , 1 mark. 
 Observe the equation 6( 3)y x= − , 1 mark. 
 Get the correct answer, 1 mark. 
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8.  In the figure below, ABCD and CEFG are parallelograms so that BCG is a 
straight line, and 115ADE∠ = ° . If EG FG= , find the values of m n p+ + .
【Submitted by Thailand】 

 
 
 
 
 

 
 
【Solution】 
Observe that 180 115 65ADC∠ = ° − ° = ° .  
Since ABCD is a parallelogram, 65m ADC° = ∠ = ° .  
Since AB//CD and CEFG is a parallelogram, ABC DCG EFG∠ =∠ =∠ ,  
i.e. 65n° = °  
Since EG FG= , 65FEG EFG∠ =∠ = ° . 
Since AD//BC//EF, 115CEF ADE∠ =∠ = ° .  
So 115 65 50CEG CEF FEG∠ =∠ −∠ = ° − ° = °  
Thus 65 65 50 180m n p+ + = + + = . 

Answer: 180 
【Marking Scheme】 

 Find the values of m and n, 1 mark. 
 Find the value of p, 1 mark. 
 Get the correct answer, 1 mark. 

9. How many different four-digit numbers are there with the sum of its digits is 9 
such that the digit 0 is not included?【Submitted by Thailand】 

【Solution 1】 
There are 6 ways to select the 4 digits to produce a sum of 9: 

9 1 1 1 6 1 1 2 5 1 1 3 4 1 2 2 4 1 2 3 3 2 2 2 3= + + + = + + + = + + + = + + + = + + + = + + +  
There are 4 ways to arrange (1, 1, 1, 6) and (2, 2, 2, 3).  
There are 12 ways to arrange each of (1, 1, 2, 5) , (1, 1, 3, 4) , (1, 2, 2, 4) , (1, 2, 3, 3) 
Thus, there are 4 2 12 4 56× + × = different four-digit numbers. 

Answer: 56 
【Marking Scheme】 

 Find the number of to arrange (1, 1, 1, 6) and (2, 2, 2, 3), 1 mark. 
 Find the number of to each of (1, 1, 2, 5) , (1, 1, 3, 4) , (1, 2, 2, 4) , (1, 2, 3, 3), 1 

mark. 
 Get the correct answer, 1 mark. 

【Solution 2】 
Put nine “1” in a line so that there are 8 spaces between them. If we choose 3 spaces 
put one stick in each space, then those “1” separate into several piles, the number of 
“1” in each pile is the digit. Hence there are a total of 8 7 6 56

6
× × =  different 

four-digit numbers. 
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【Marking Scheme】 
 Observe there are 8 spaces between nine “1”, 1 mark. 
 Explain why choose 3 spaces, 1 mark. 
 Get the correct answer, 1 mark. 

10. Using 6 given colors, you color each side of a cube to a different color, then you 
write the six numbers on it so that the numbers 6 and 1; 2 and 5; 3 and 4 are 
facing each other. How many different cubes can you make? (Two cubes are 
considered to be the same if you can rotate one cube into the position of the other.)
【Submitted by Vietnam】 

【Solution】 
Step 1: Color the 6 faces of the cube. 
There is 1 way to select a color for the top face (the first face). There are 5 ways to 
select 1 from the 5 remaining colors for the bottom face (the opposite face). 
There are 4! ways to arrange the 4 remaining colors on the 4 surrounding faces, but 
when you fix the top and the bottom faces, for each coloring we have 4 possible 
rotations of the 4 surrounding faces without changing the coloring of the cube. Thus, 

there are only 4! 6
4
=  ways to color the 4 surrounding faces. 

Therefore, there are 5 6 30× =  ways to color the cube. 
 
Step 2: Number the faces of the cube. 
For each coloring, there are 6 ways to write the pair (1; 6) on 2 opposite faces among 
the 6 faces of the cube. There are 4 ways to write the pair (2; 5) on 2 opposite faces 
among the 4 remaining faces of the cube. There are 2 ways to write the pair (3; 4) on 
the 2 opposite remaining faces of the cube.  
Therefore, there are 6 4 2 48× × =  ways to number the cube. 
Conclusion: There are a total of 30 48 1440× =  ways to color and number the cube. 

Answer: 1440 
【Marking Scheme】 

 Find the number of ways to color the cube, 1 mark. 
 Find the number of ways to number the cube, 1 mark. 
 Get the correct answer, 1 mark. 

11. The diagram below shows a sequence of towers made from toothpicks. How many 
toothpicks will the 10th tower require? 【Submitted by Thailand】 
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【Solution】 
The tenth tower has ten layers with 1, 2, 3, 4, 5, 6, 7, 8, 9 and 10 pentagons 
respectively, totaling 55. Made separately, 55 5 275× =  toothpicks are required. 
However, in these layers, there is a saving of 0, 1, 2, 3, 4, 5, 6, 7, 8 and 9 toothpicks, 
totaling 45. Hence only 275 45 230− =  toothpicks are required.  

Answer: 230 
【Marking Scheme】 

 Find the number of pentagons of the tenth tower, 1 mark. 
 Explain the correct rule of the number of the required toothpicks for each tower, 

1 mark. 
 Get the correct answer, 1 mark. 

12. The two-digit number ab  and the number 45ab +  are said to be similar if the 
sum of the digits of ab  is the same as the sum of the digits of 45ab + . For 
example : 15 and 15 45 60+ = , 70 and60 45 105+ = are similar because the sum of 
the digits of each number is 6. How many pairs of similar numbers are there?
【Submitted by Indonesia】 

【Solution】 
If a number is added by 45 it same with +50 and 5− , such as the ten digit added by 5 
and unit digit subtracted by 5, so it mean if we want the sum of digits ab  and 

45ab +  is same so the ten digit should be less and equal to 4 and the unit digit 
should be greater and equal to 5 but less than and equal to 9, and the number are : 

15, 16, 17, 18, 19, 25, 26, 27, 28, 29, 35, 36, 37, 38, 39, 45, 46, 47, 48, 49. 
Thus there are 20 pairs of similar numbers when 45ab +  is also a two-digit 
numbers. However, 60 and 105 are also similar. It is easy to see that other similar 
pairs come from 61, 62, 63, 64, 70, 71, 72, 73, 74, 80, 81, 82, 83, 84, 90, 91, 92, 93 
and 94, for another 20 pairs. 

Answer: 40 
【Marking Scheme】 

 Find and explain the first 20 pairs of similar numbers, 1 mark. 
 Find and explain the other 20 pairs of similar numbers, 1 mark. 
 Get the correct answer, 1 mark. 

13. In how many ways can three different numbers be selected from the numbers 1 to 
15, so that their sum is a multiple of 4? 【Submitted by Jury】 

【Solution】 
Put the numbers into 4 piles.  
Pile A contains the numbers which divide by 4: (4, 8, 12).  
Pile B contains the numbers one more than a multiple of 4 (1, 5, 9, 13).  
Pile C contains the numbers two more than a multiple of 4 (2, 6, 10, 14).  
Pile D contains the numbers which are one less than a multiple of 4 (3, 7, 11, 15).  
If we take three numbers from the same pile, then this pile must be pile A. This can 
be done in 1 way since there are exactly three numbers in pile A. 
If we take three numbers from two different piles so that one number is from one pile 



and the other two numbers are from another pile, then there are three cases: 
Case i. The two piles are pile A and C. Thus there are one number from pile A and 

two numbers from pile C. This can be done in 4 33 18
2
×

× =  ways. 

Case ii. The two piles are pile B and C. Thus there are one number from pile C and 

two numbers from pile B. This can be done in 4 34 24
2
×

× =  ways. 

Case iii. The two piles are pile C and D. Thus there are one number from pile C and 

two numbers from pile D. This can be done in 4 34 24
2
×

× =  ways. 

If we take three numbers from three different piles so that one number is from one 
pile, the three piles must be pile A, B and D. This can be done in3 4 4 48× × =  ways. 
Any other combination will not give a multiple of three. So in total, we have 
1 18 24 24 48 115+ + + + =  ways. 

Answer: 115  
【Marking Scheme】 

 Explain how to put the numbers into 4 piles, 1 mark. 
 Observe there are three situations to take three numbers, 1 mark. 
 Find the correct answer, 1 mark. 

 


